In this article, we indicate that the open unit ball in n-dimensional Euclidean space R n admits norm-like functions compatible with the Poincaré and Beltrami-Klein metrics. This leads to the notion of a normed gyrogroup, similar to that of a normed group in the literature. We then examine topological and geometric structures of normed gyrogroups. In particular, we prove that the normed gyrogroups are homogeneous and form left invariant metric spaces and derive a version of the Mazur-Ulam theorem. We also give certain sufficient conditions, involving the right-gyrotranslation inequality and Klee's condition, for a normed gyrogroup to be a topological gyrogroup.
Introduction
Roughly speaking, a normed group is a group that comes with a compatible norm (also called a length function), similar to the case of normed linear spaces. A prominent example of a normed group is a finitely generated group with the word metric, which is one of the main ingredients in geometric group theory. The normed groups abound as an integral part in the theory of topological groups [5] . They are blended objects that have significance in group theory, geometry, analysis, and topology, to name a few.
In [27] , Ungar studies a parametrization of the Lorentz transformation group. This leads to the formation of gyrogroup theory, a rich subject in mathematics [3, 9, [23] [24] [25] [26] 30] . Loosely speaking, a gyrogroup is a group-like structure in which arXiv:1810.10491v2 [math.MG] 3 Nov 2018 the associative law fails to satisfy. However, it obeys the gyroassociative law, a weak form of associativity, as well as the loop property, an algebraic rule equivalent to the Bol identity in loop theory. One of the virtues of studying gyrogroups is an application in non-Euclidean geometry [28] , where Ungar examines analytic hyperbolic geometry using the gyrolanguage.
Atiponrat [4] and Cai et al. [6] pave the way for studying topological gyrogroups. In particular, Atiponrat proves that in the class of topological gyrogroups, being a T 0 -space is equivalent to being a T 3 -space [4, Theorem 3] . Further, she attempts to extend the famous Birkhoff-Kakutani theorem by proving that every first-countable Hausdorff topological gyrogroup is premetrizable [4, Theorem 4] . The latter result is strengthened when Cai et al. prove that every first-countable Hausdorff topological gyrogroup is metrizable [6, Theorem 2.3] . The achieved results inspire us to investigate topological properties of gyrogroups, which eventually bring us to the notion of a normed gyrogroup. This provides a large class of gyrogroups with a left invariant metric, and some of them are indeed topological gyrogroups.
Preliminaries
Standard terminology and notation in algebra, topology, and geometry used throughout the article are defined as usual. In this section, we collect relevant definitions and elementary properties of gyrogroups for reference [22, 28] . The reader familiar with gyrogroup theory may skip this section.
Let G be a nonempty set equipped with a binary operation ⊕ on G. Denote by Aut G the group of automorphisms of (G, ⊕).
Definition 2.1 (Gyrogroups).
A nonempty set G, together with a binary operation ⊕ on G, is called a gyrogroup if it satisfies the following axioms.
(G1) There exists an element e ∈ G such that e ⊕ a = a for all a ∈ G.
(G2) For each a ∈ G, there exists an element b ∈ G such that b ⊕ a = e.
(left loop property)
Note that the axioms in Definition 2.1 imply the right counterparts. In particular, any gyrogroup has a unique two-sided identity e, and an element a of the gyrogroup has a unique two-sided inverse a. The automorphism gyr[a, b] is called the gyroautomorphism generated by a and b. It is clear that every group satisfies the gyrogroup axioms (the gyroautomorphisms are the identity map) and hence is a gyrogroup. Conversely, any gyrogroup with trivial gyroautomorphisms forms a group. From this point of view, gyrogroups naturally generalize groups.
The table below summarizes some algebraic properties of gyrogroups [22, 28] , which will prove useful in studying topological and geometric aspects of gyrogroups in Sections 3 and 4. We remark that gyroautomorphisms play an essential role in gyrogroup theory; for example, they appear as part of generic algebraic rules extended from group-theoretic identities.
GYROGROUP IDENTITY NAME/REFERENCE
Composition law for left gyrotranslations Table 1 : Algebraic properties of gyrogroups (cf. [22, 28] ).
Normed gyrogroups and concrete examples
In this section, we establish that any gyrogroup with an appropriate length function, called a gyronorm, has the metric structure and hence is a Hausdorff space. We also exhibit a few examples of well-known gyrogroups that have gyronorms. (1) x ≥ 0 for all x ∈ G and x = 0 if and only if x = e; (positivity) (2) x = x for all x ∈ G; (invariant under taking inverses)
The definition and basic properties
(invariant under gyrations)
Any gyrogroup with a gyronorm is called a normed gyrogroup. We remark that the term "gyronorm" is quite different from what Ungar used in Chapter 4 of [28] . In Section 3.2, we give several concrete examples of gyrogroups with a gyronorm. Clearly, Definition 3.1 is a generalization of the notion of a group-norm [5, p. 8], which in turn is motivated by norms on linear spaces. Furthermore, any gyrogroup may be viewed as a normed gyrogroup with a gyronorm defined by
Theorem 3.2. Let G be a normed gyrogroup. Define
for all x, y ∈ G. Then d is a metric on G and so (G, d) forms a metric space.
Hence, x = y by the left cancellation law.
Let x, y, z ∈ G. Using appropriate properties of gyrogroups in Table 1 , together with the defining properties of a gyronorm, we obtain
Furthermore, we obtain
This proves that d satisfies the defining properties of a metric.
The metric d induced by a gyronorm on G in Theorem 3.2 is called a gyronorm metric. Whenever we say that G is a normed gyrogroup, we assume that G is endowed with the corresponding gyronorm metric and that G carries the topology induced by this metric, unless mentioned otherwise. It is clear that every isometry of a normed gyrogroup to itself is a homeomorphism for the inverse of an isometry is again an isometry. Next, we show that known gyrogroups in the literature possess gyronorms.
Concrete examples 3.2.1 An n-dimensional Euclidean version of the Einstein gyrogroup
Let B denote the open unit ball in n-dimensional Euclidean space R n , that is,
where · denotes the Euclidean norm on R n . The Einstein gyrogroup consists of B, together with Einstein addition ⊕ E given by
for all u, v ∈ B, where γ u is the Lorentz factor given by γ u = 1 1 − u 2 . The zero vector 0 acts an the identity of B under ⊕ E . For each v ∈ B, the negative vector −v acts as the inverse of v with respect to Einstein addition. By Proposition 2.4 of [14] , the gyroautomorphisms of (B, ⊕ E ) are orthogonal in the sense that
Define a function · E on B by the equation
where tanh −1 denotes the inverse of the hyperbolic tangent function on R. Proof. Since tanh r ≥ 0 if and only r ≥ 0, it follows that v E ≥ 0 for all v ∈ B.
Let u, v ∈ B. Applying Proposition 3.3 of [14] and Lemma 3.2 (iv) of [14] 
It follows from Theorems 3.2 and 3.3 that
defines a metric on B. This metric is called the rapidity metric on the Einstein gyrogroup [14, 28] . It is known that the rapidity metric on the Einstein gyrogroup agrees with the Cayley-Klein metric on the Beltrami-Klein model of n-dimensional hyperbolic geometry [14, p. 1233] .
Note that the Euclidean norm is indeed a gyronorm on the Einstein gyrogroup. This follows from the fact that
where the first inequality is worked out in Proposition 3.3 of [14] and ⊕ is the (0, 1) . This implies that the topology generated by d E is finer than the topology generated by d e . Next, we prove that the topology generated by d e is finer than the topology generated by d E . Let u ∈ B and let ε > 0.
for tanh −1 is a strictly increasing function on its domain. Thus, v ∈ B d E (u, ε). This proves that B d e (u, δ ) ⊆ B d E (u, ε). Therefore, d e and d E generate the same topology on B.
An n-dimensional Euclidean version of the Möbius gyrogroup
The Möbius gyrogroup consists of the same underlying set as the Einstein gyrogroup, but its binary operation, called Möbius addition, is defined by
for all u, v ∈ B. The zero vector acts an the identity of B under ⊕ M . For each v ∈ B, the negative vector −v acts as the inverse of v with respect to Möbius addition. By Proposition 2.4 of [14] , the gyroautomorphisms of (B, ⊕ M ) are orthogonal in the sense that
By Proposition 2.3 of [14] , the map Φ defined by
is a gyrogroup isomorphism from (B, ⊕ M ) to (B, ⊕ E ). In particular, Φ is a bijection from B to itself. Let · E be the gyronorm on the Einstein gyrogroup defined by (3.4). Define a function · M by the equation Proof. The theorem follows directly from the fact that · E defines a gyronorm on (B, ⊕ E ) and that Φ is a gyrogroup isomorphism.
By Theorems 3.2 and 3.4,
defines a metric on B. This metric is called the rapidity metric on the Möbius gyrogroup [14, 28] . It is known that the rapidity metric on the Möbius gyrogroup is half of the Poincaré metric with curvature −1 on the Poincaré model of ndimensional hyperbolic geometry [14, Theorem 3.7] .
Topological and geometric structures
Normed gyrogroups have nice topological and geometric structures. Further, they share certain remarkable analogies with normed groups. In fact, several of the results proved in this section are inspired by the expository article of Bingham and Ostaszewski [5] that treats normed and topological groups. Roughly speaking, normed gyrogroups are left invariant, homogeneous, and isotropic.
Topological and geometric properties
Theorem 4.1. Let G be a normed gyrogroup. Then the gyronorm metric is invariant under left gyrotranslation:
for all a, x, y ∈ G. Hence, every left gyrotranslation of G is an isometry of G with respect to the gyronorm metric.
Proof. Let a ∈ G. Recall that the left gyrotranslation by a, denoted by L a , is defined by L a (x) = a ⊕ x for all x ∈ G. By Theorem 18 (1) of [22] , L a is a bijection from G to itself. Next, we prove that the gyronorm metric d is invariant under L a . Let x, y ∈ G. Using appropriate properties of gyrogroups in Table 1 , together with the defining properties of a gyronorm, we obtain
Corollary 4.2. If G is a normed gyrogroup, then every left gyrotranslation of G is a homeomorphism.
Theorem 4.3. Let G be a normed gyrogroup. If τ ∈ Aut G and τ(x) = x for all x ∈ G, then τ is an isometry of G with respect to the gyronorm metric.
Proof. By assumption,
and so τ defines an isometry of G. Theorem 4.5 (Homogeneity). If G is a normed gyrogroup, then G is homogeneous in the sense that if x and y are arbitrary points of G, then there is an isometry T : G → G (and also a homeomorphism of G) such that T (x) = y.
Thus, G is homogeneous.
Theorem 4.6 (Isotropy).
If G is a nondegenerate normed gyrogroup; that is, G has a nonidentity gyroautomorphism, then G is isotropic in the sense that for each point p ∈ G, there exists a nonidentity isometry T of G such that T (p) = p.
Proof. Let p be an arbitrary point of G. Let τ be a nonidentity gyroautomorphism of G.
Note that T is an isometry of G, being the composite of isometries of G. Further, T (p) = p. Note that T is not the identity transformation of G; otherwise, we would have
Recall that the famous Mazur-Ulam theorem states that any isometry between normed linear spaces over R that fixes the zero vector must be linear; see, for instance, [10, Theorem 1.3.5]. Extensions of the Mazur-Ulam theorem are studied by Rassias [18, 19] and by Rassias et al. [20, 21] . Further, the Mazur-Ulam theorem is examined in the setting of gyrovector spaces by Abe [1] and by Abe and Hatori [2] . Here, we prove a normed-gyrogroup version of the Mazur-Ulam theorem.
Theorem 4.7. Let G be a normed gyrogroup. If f is an isometry of G with respect to the gyronorm metric, then
where ρ is an isometry of G that leaves the gyrogroup identity fixed.
Proof. Suppose that f is an isometry of G. By definition, f is a permutation of G. By Proposition 19 of [22] , f = L f (e) • ρ, where ρ is a permutation of G that fixes e. As in the proof of Theorem 18 of [22] , L −1
f (e) = L f (e) and so ρ = L f (e) • f . Hence, ρ is an isometry of G, being the composite of isometries of G.
A characterization of normed gyrogroups
Note that the gyronorm of an arbitrary normed gyrogroup can be recovered by its corresponding metric:
3)
It turns out that Theorem 4.1 provides a characterizing property of normed gyrogroups, as shown in the following theorem. for all a, x, y ∈ G, then x = d(e, x) defines a gyronorm on G that generates the same metric.
Proof. It is clear that x ≥ 0 and x = 0 if and only if x = e. Let x ∈ G. By the left gyrotranslation invariant,
Let a, b, x ∈ G. By the gyrator identity,
In view of Theorems 3.2, 4.1, and 4.8, there is a one-to-one correspondence between the class of normed gyrogroups and the class of gyrogroups with a leftgyrotranslation-invariant metric:
One of the advantages of Theorem 4.8 is illustrated in the example below. 4) and the (complex version of) Poincaré metric defined by
for all w, z ∈ D. Here, the factor 2 is added to (4.5) so that the metric corresponds to a curvature of −1.
A complex version of Möbius addition is defined by 6) which gives D the gyrogroup structure [29] . It is not difficult to check that 0 is the identity of D, that the inverse of a is −a, and that the gyroautomorphism generated by a and b is a disk rotation corresponding to the unimodular complex 1 + ab 1 + ab .
Using (4.5) and (4.6), we have by inspection that
for all a, w, z ∈ D. Hence, by Theorem 4.8, D forms a normed gyrogroup whose gyronorm is given by z = 2 tanh −1 |z| for all z ∈ D. This leads to the well-known fact that any Möbius transformation (also called a conformal self-map) of D of the form
where a is a fixed element in D, is an isometry of D with respect to the Poincaré metric. The study of Möbius transformations is an important topic in mathematics. This is evidenced by characterizations of Möbius transformations found in the literature; see, for instance, [7, 8, 11-13, 16, 17] .
Sufficient conditions to be a topological gyrogroup
In Proof. Assume that the right-gyrotranslation inequality holds. Then we have
for all a, b, x, y ∈ G. Conversely, if Klee's condition holds, then
for all a, x, y ∈ G.
Recall that a gyrogroup G endowed with a topology is called a topological gyrogroup if (i) the gyroaddition map (x, y) → x ⊕ y is jointly continuous and (ii) the inversion map x → x is continuous [4, Definition 1] . In general, a normed gyrogroup need not be a topological gyrogroup. The conditions mentioned in Theorem 4.10 are sufficient conditions for a normed gyrogroup to be a topological gyrogroup. It is still an open question whether these conditions are necessary. Proof. Denote by A the gyroaddition map: A(x, y) = x ⊕y. Let (x, y) be an arbitrary point of G × G and let V be a neighborhood of A(x, y) = x ⊕ y. By definition, there is an ε > 0 such that B(x ⊕ y, ε) ⊆ V . Define S = B(x, ε/2) and T = B(y, ε/2). Set U = S × T . Since S and T are open in G, it follows that U is a neighborhood of (x, y) in G × G. Let (a, b) ∈ U. Then a ∈ S and b ∈ T . By assumption, for all x, y ∈ G. This also implies that d(x, y) ≤ d(ι(x), ι(y)) for all x, y ∈ G because ι = ι −1 . Thus, d(ι(x), ι(y)) = d(x, y) for all x, y ∈ G and so ι is an isometry of G. Hence, ι is continuous. This proves that G is a topological gyrogroup.
According to Theorem 2.18 of [5] , the group-norm of a group Γ is abelian, that is, gh = hg for all g, h ∈ Γ if and only if the metric induced by this group-norm is bi-invariant. This motivates the following theorem for normed gyrogroups: 
